ABSTRACT Dendritic spines are the primary postsynaptic sites of excitatory neurotransmission in the brain. They exhibit a remarkable morphological variety, ranging from thin protrusions, to stubby shapes, to bulbous mushroom shapes. The remodeling of spines is thought to regulate the strength of the synaptic connection, which depends vitally on the number and the spatial distribution of AMPA-type glutamate receptors (AMPARs). We present numerical and analytical analyses demonstrating that this shape strongly affects AMPAR diffusion. We report a pronounced suppression of the receptor exit rate out of spines with decreasing neck radius. Thus, mushroomlike spines become highly effective at retaining receptors in the spine head. Moreover, we show that the postsynaptic density further enhances receptor trapping, particularly in mushroomlike spines local exocytosis in the spine head, in contrast to release at the base, provides rapid and specific regulatory control of AMPAR concentration at synapses.
INTRODUCTION
The AMPA-type glutamate receptors (AMPARs) are responsible for fast responses at excitatory synapses, and various signaling pathways and numerous regulatory proteins modulate the properties of synaptic AMPARs (1, 2) . The number and density of AMPARs at postsynaptic sites is widely regarded to be a key determinant of synaptic strength and is affected during various neurodegenerative diseases (3) . The amount of AMPARs at these synaptic sites is not fixed and dynamic changes in AMPARs underlie long-lasting changes in synaptic transmission such as long-term potentiation and long-term depression (3, 4) . It is therefore of fundamental importance to control the local abundance of AMPARs at synapses. At least three cellular processes govern the density and distribution of synaptic AMPA receptors: local endocytosis and exocytosis from intracellular compartments (5) , lateral diffusion from the surface (6) , and immobilization at synapses by anchoring at the postsynaptic density (PSD) (7) . In most models, these different trafficking steps are all required to eventually reach the synaptic membrane, although the relevance of exocytosis on the spine membrane has remained controversial (8, 9) .
AMPAR-dependent excitatory sites are typically located on dendritic spines, small membranous protrusions located along the dendrite's length. Dendritic spines contain a PSD, which contains scaffold proteins that regulate the clustering of surface AMPARs, and dedicated zones for endocytosis and exocytosis positioned just lateral to the PSD (5,7). Electron-microscopy studies have revealed a rich diversity of shapes that can roughly be divided into three shape categories: thin, filopodialike protrusions (thin spines); short spines without a well-defined spine neck (stubby spines); and spines with a large bulbous head (mushroom spines) (10) . Previous work has reported on various correlations between changes in the spine morphology and functional parameters of synapses (11) (12) (13) (14) (15) . For example, the spine head volume is correlated with the area of the PSD and the number of postsynaptic receptors (12, 16, 17) . In addition, the spine neck has been related to the time constant of calcium compartmentalization and filtering of electrical potentials (18) (19) (20) . Theoretical models confirmed that the spine neck can regulate diffusional coupling between spines and dendrites (21, 22) . Given that spine geometry influences intracellular dynamics, it is also possible that spine morphology directly affects the dynamics of AMPAR lateral diffusion to and from the synapse.
Previous theoretical work on AMPAR trafficking has mainly examined flat, two-dimensional geometries when surface diffusion, internal recycling, and the role of the PSD in AMPAR trapping (21, (23) (24) (25) were studied. For example, it has recently been demonstrated that controlling the AMPAR/scaffold binding and unbinding rates in the PSD allows enrichment of AMPARs at postsynaptic sites (26) . However, a quantitative model integrating the threedimensional morphological variability of dendritic spines into mechanisms that control AMPAR trafficking at synapses is lacking. In this study, we build a quantitative model integrating the morphological variability of realistic spine geometries into mechanisms that control AMPAR trafficking at postsynaptic sites. Our stimulations allow, the direct observation of how two trapping mechanisms-the PSD and spine shape-work together to control the number and spatial distribution of AMPARs for the regulation of synaptic strength.
METHODS

Modeling the surface diffusion of AMPA receptors
Electron microscopy of dendrites reports spines with a wide variety of shapes, ranging from thin spines with lengths of 2-4 mm and a radius of 0.1-0.5 mm, to mushroomlike spines that have a relatively thin neck with a radius of 0.05-0.2 mm and a large head with a radius of 0.5-1 mm (12, 27) . Other observed shapes such as the very thin filopodium to branched spines are rarer, and will not be considered explicitly although the same principles as those we present here apply to these shapes. The functional domain of the spines, associated with the electron-dense region in the PSD, is generally situated at the top of the spine. In this region of the spine, AMPA receptors can be immobilized via interactions with scaffold proteins. The parameterization of the shape that we will be using in this article effectively covers a large fraction of different spine shapes observed in experiments (27) . The axisymmetric body that we use is shown in Fig. 1 , and is parameterized as xðu; vÞ ¼ R sin u cos v; yðu; vÞ ¼ R sin u sin v;
where R is the maximal radial distance of the surface representing the radius of the head of the spine and B is a measure of the height of the spine. Varying A, B, and R allows one a transition from stubby, via thin, to mushroomlike morphologies. The bottom of the spine is connected to the dendritic membrane. Detailed information about this shape-including its metric tensor and Christoffel symbols-may be found in the Supporting Material.
Random walk simulation on a curved surface
We simulate random walks as trajectories consisting of fixed-length steps in completely random directions. On a curved surface, both the selection of a random direction as well as traveling a fixed distance in this direction requires some careful thought. Naively picking a direction and step size on the surface will result in top-seeking motion as a result of a singularity in the parameterization of the surface. A truly random directional vectorw of unit length must be chosen subject to the constraint where r is picked randomly between 0 and 2p.
Next, we construct the geodesic curve parameterized by the arc length s (28), and apply a second-order approximation of the tangential plane, rðs þ dsÞ ¼rðsÞ þ drðsÞ ds ds þ 1 2
where the first derivative is the unit tangent vectorw and the second-order correction is obtained by solving the local geodesic equation for the surface
with G i kl for the Christoffel symbols of the surface, and x i is the i-component ofx (see the Supporting Material for an explicit demonstration of this). Rewriting this to our parameterization, a step of size l, i.e.,
in the local coordinates (u,v) is achieved by a shift in coordinates
Endosomal transport
Dendritic exocytosis
Spinal exocytosis Simulated trajectory of a membrane-bound receptor on the curved dendritic membrane. Whereas the local receptor density on the membrane is constant, a local enrichment in spines is misleadingly suggested in the projected view. This is analogous to what happens on cylindrical substrates (39) . To see this figure in color, go online.
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where the index q labels the discrete iteration step number, and
The resultant diffusive motion is, by construction, locally Brownian (hx 2 i ¼ 4Dt) to second-order in the curvature (see the Supporting Material). In Fig. 1 D, we graph a sample trajectory of a single receptor on the spinal and dendritic membrane. In our simulations we measure the average number of steps N of length l it takes to arrive at the absorbing boundary. These quantities can be related to an effective mean escape time through
where D is the diffusion constant.
Mean first-passage time calculations
To analyze the effects of geometry and curvature on the confinement of receptors theoretically, we calculate the mean first-passage time (MFPT). This MFPT may be considered a characteristic timescale for the diffusion in a system with absorbing boundaries. The literature abounds with treatises on how to compute it analytically (see, for instance, Berg and Purcell (29) and Linderman and Lauffenburger (30) and, more recently, Holcman and Triller (21) and Holcman and Schuss (22, 31) ) for geometries such as spheres and surfaces of revolution. The MFPT W is obtained by solving the differential equation
where D is the two-dimensional constant and V 2 is the Laplace-Beltrami operator. In general, the difficulty of solving Eq. 6 lies in the nonlinearity of the Laplace-Beltrami operator. This Laplace-Beltrami operator for the parameterization we have chosen can be derived analytically, as we discuss in the Supporting Material. For a flat Euclidian space, this operator reduces to the Laplace operator because there are no nonzero Christoffel symbols for flat geometries. In the trivial case of a particle starting at the center of a circle of radius R, the MFPT for being absorbed by the boundary of the circle is equal to R 2 /(4D). The Laplace-Beltrami operator for nontrivially curved surfaces such as those given by Eq. 1 may also be calculated analytically (30) . We will solve the equation for the resultant MFPT (Eq. 6) numerically. To calculate the MFPT as was later shown in Fig. 3 , we should solve Eq. 6 subject to the boundary conditions
WðvU abs Þ ¼ 0;
where U ref is the reflecting boundary and U abs is the absorbing boundary (see the Supporting Material).
RESULTS
Modeling diffusion on curved membranes
We model the lateral diffusion of surface AMPA receptors by simulating fixed step-length random walks of noninteracting hard-core particles on the curved surface of the dendritic membrane. On such curved surfaces, proper implementation of the random walks requires careful thought because both the selection of a random angle as well as implementing the fixed step length depends on the ambient geometry. We expand the surface around a point of departure up to second-order in the local curvature, a procedure that was proven to yield correct diffusive behavior provided that the step size is small compared to the smallest lengthscale in curvature (see Methods and Christensen (28)). In rare cases, one may forego simulations and obtain analytical results for the MFPT (21, 22, 31) . We present several cases where this could be obtained for our system, allowing validation of our simulation protocol (see Methods).
To properly capture the effects of the specific shape of a dendritic spine, while retaining a surface that is computationally manageable (i.e., that may be straightforwardly parameterized), we distill from the considerable variety of shapes (see Fig. 1 A) the most notable classes of spine morphologies, including thin, stubby, and mushroomlike (see Fig. 1 B (12,32,33) ). We next generated trajectories of receptors diffusing across the surface of these various spine shapes and found that the local, time-averaged density of receptors is constant in equilibrium, as expected for diffusion. Nevertheless, an apparent local enrichment was observed in an orthogonal projection, resulting from an increased projected surface area perpendicular to the direction of observation.
Dendritic spine morphology controls AMPAR exit dynamics
We next tested whether the shape of dendritic spines can directly affect lateral diffusion of surface AMPA receptors. We therefore simulated the temporal distribution of the receptor density in various domains for one particular type of spine and its surrounding dendritic membrane as depicted in Fig. 2 Fig. 1 C) . Fig. 2 B shows what happens following the release of 1000 receptors at the top of the spine at t ¼ 0. For a mushroomlike spine, and realistic parameter values, it takes~500 s before all locally measured concentrations of receptors in the spine are equilibrated with the surrounding dendritic membrane (assuming a reflecting boundary positioned at a distance of 1 mm from the center of the base of the spine to prevent all receptors from leaving the simulation domain). This simulation shows that the shape in itself cannot retain gradients in receptor density indefinitely-at some point, it must come to a uniform equilibrium.
To examine how the time until equilibrium depends on the morphology of the spine, we measured the progression of receptor movements following the release of 1000 receptors in the region at the top of the spine (dashed region in Fig. 2 C) for three distinct spine shapes. The spine morphologies each have the same height and same total surface area in the head of the spine to ensure that any effect we measure Biophysical Journal 105(12) 2743-2750 reflects how the surface is arranged in space. The surface area of the neck is slightly larger for the wider necks. Keeping the combined surface area of neck and head constant and renormalizing the height of the spine yields qualitatively similar results. Increasing the size of the head, as it occurs in spine maturation, is not explicitly covered here-it would add a trivial increase in the residence time due to the increased surface area in the head. Fig. 2 D shows that spines containing a thin neck (mushroomlike spines) are able to retain elevated concentrations of receptors after release approximately five times longer than stubby shapes, and between 10 and 20 times longer than planar structures of the same total area. These results demonstrate that the overall shape of a spine, rather than just the area and neck length, controls the equilibration time of receptors and that mushroomlike spines have strongly reduced receptor exit rates.
Dendritic spine shape controls asymmetry between PSD capture and escape
To mediate synaptic transmission and intracellular signaling, AMPARs are positioned at the postsynapse through interactions with the postsynaptic density (PSD) (7, (34) (35) (36) . We therefore next investigated how the efficiency of AMPAR capturing at the PSD depends on the geometry of dendritic spines. We prepared a spinelike structure with an absorbing PSD region, as illustrated in Fig. 3 A, and simulate diffusive equilibration using three distinct settings:
1. With an absorbing zone at the top of the spine and a reflecting structure at the base of the neck;
2. With an absorbing zone at the bottom and a reflecting structure at the top of the spine; and 3. With absorbing zones at both top and bottom.
At t ¼ 0, 1000 receptors are equally distributed on the surface of the spine (R ¼ 1 mm, B ¼ 4 mm, d ¼ 0.12 mm, D ¼ 0.1 mm 2 /s; see Fig. 1 C) , after which we record the temporal capture at the top of the spine (Fig. 3 B) and escape through the neck of the spine (Fig. 3 C) , respectively. For an unbiased comparison, the absorbing PSD zone at the top and the one at the bottom are of equal perimeter size. The reflective boundary settings simply serve to focus our attention on either PSD capture or base escape, preventing exit elsewhere.
We observed a striking difference in timescales: receptor capture at the top occurs roughly twice as fast as leak-out at the bottom demonstrating the asymmetry induced by the specific morphology of the spine affects AMPA receptor distributions. Similarly, when-after equilibration-both boundaries are rendered absorbing (representing the realistic condition that receptors either escape or end up in the PSD, see Fig. 3 C) , the flux into the PSD domain at the top is larger than that out of the spine at the base.
To further quantify these effects, we calculate the mean time it takes 1000 receptors starting at the top of the spine to escape through the base of the neck (red dots in Fig. 3  E (1) ) or the time it takes for the reverse process to complete: we show receptors released at the reflecting base of the neck that end up captured in the PSD (red dots in Fig. 3 E (2) ). We measure a strong dependence of the outflow of receptors on the neck radius: MFPT~(neck 
radius)
À0. 7 . Mushroomlike spines-those with the smallest neck diameters-are thus significantly more effective at retaining receptors. For this particular setting, we also computed the MFPT directly (solid black line in Fig. 3 E) to validate our numerical method. We find that when receptors are released homogeneously throughout the surface of the spine, the PSD together with the shape of a spine allows efficient capturing of AMPA receptors in the spine head.
Exocytosis in spines is more efficient than exocytosis on the dendritic shaft
Besides AMPAR surface diffusion and PSD trapping, intracellular trafficking and recycling of AMPARs is also important for synaptic strength (3, 34) . Here, AMPARs containing vesicles are transported toward the plasma membrane and released by exocytosis at specific sites, either at the dendrite shaft or in the dendritic spine (5, 37) . Given these two different locations of AMPAR exocytosis, we determine which mechanism is most efficient in concentrating AMPA receptors at the postsynaptic membrane. To quantify the process, we record the temporal evolution of the absorption of receptors in the PSD after the localized release of 1000 receptors, for different locations around the PSD (see Fig. 4 A, I-III) . We employ similar simulation settings as before, allowing receptors to get absorbed at the PSD and diffuse freely elsewhere. To isolate the effect of morphology, we repeat this exercise for a planar geometry and for spines with different neck radii (d ¼ 0.24 mm and d ¼ 0.06 mm; see Fig. 1 C) . Fig. 4 B shows that release close to the PSD-especially for mushroomlike spines with a thin neck-results in nearly all receptors captured in the PSD, while for exocytosis in the neck of the spine substantially fewer receptors end up in the PSD. If the receptors are exocytosed 0.5 mm away from the base of the spine, almost none of them end up at the PSD. In short, release of AMPARs close to the PSD is markedly more efficient than release at the dendritic membrane. Thus, AMPAR exocytosis in the spine heads provides rapid and specific control of AMPA receptors concentration at the PSD. Importantly, this effect is not simply a result of the proximity; although the effect is still observed in a planar setting (Fig. 4 B) , the outcome is much weaker. Because all surface areas are kept constant, the advantage of exocytosis within the spine head is a direct consequence of the specific spine geometry.
The location of exocytosis and the shape of the spine do not only influence the efficiency of AMPAR trafficking, they also influence the timescale for PSD capture. To quantify this effect we now employ a reflecting boundary at a distance 1 mm from the base of the spine and measure the time it takes to absorb the receptors in the PSD, again as a function of the location of the exocytosis. are ultimately absorbed at the PSD. However, there is a remarkable difference in the timescale for this capture process. For a typical mushroomlike spine, >90% of the receptors are captured within seconds. For release in the neck, this takes 10 times as long, and for release at the base it may take hundreds or even thousands of seconds. Again, the effect strongly depends on the morphology of the spine. Thus, our modeling demonstrates that exocytosis on the spine membrane is a very effective way to deliver AMPA receptors to postsynaptic membranes.
DISCUSSION
In this study we have developed a quantitative model integrating the morphological variability of realistic spine geometries into mechanisms that control AMPAR trafficking at postsynaptic sites. Our simulations reveal how two trapping mechanisms-anchoring at the PSD and diffusion on specific curved geometries-work together to control the number and spatial distribution of AMPARs for regulation of synaptic strength. The model demonstrates that AMPAR trafficking is a coordinated action among surface diffusion, local exocytosis, and trapping at the PSD within the geometric restrictions of individual dendritic spines.
We have examined the influence of spine morphology on three processes related to AMPAR trafficking:
1. We determined the exit dynamics of surface receptors through the neck of the spine and found a steep powerlaw suppression of the rate of outflow of receptors as a function of neck size. Therefore, mushroomlike spines are more effective at retaining gradients in receptor concentration after local release within the spine head when compared to stubby or elongated spines. Recently, experiments on narrow membrane tubes have shown that the curvature of the membrane affects the lateral diffusivity (38) due to hydrodynamic interactions in thin cylindrical geometries. These effects are not included in our model. We may, however, speculate on their effect on the processes considered here: because small necks reduce the diffusivity, the effects will further increase the escape time, rendering the spine shape even more effective at retaining AMPAR gradients. In future work, we will include this effect by introducing a curvature-dependent diffusion coefficient. 2. By considering the PSD in our measurement, we demonstrate that the timescale for an AMPAR entering the spine, and ending up at the PSD, may be up to an order-of-magnitude faster than the time of the reverse process, when a receptor is leaving the PSD and exiting the spine through the neck. Thus, the specific shape of the spine directly induces this asymmetric trafficking. 3. Our simulations reveal that local exocytosis results in effective and rapid capture of AMPARs, particularly at curved geometries such as in mushroomlike spines. The model reveals that increasing the number of AMPAR at synapses is most effectively achieved through active transport of AMPAR-containing vesicles and subsequent release at local exocytotic sites in the spine head. The strong impact of morphology on receptor diffusion implies that in the interpretation of single-particle tracking Reflecting boundaries were positioned at infinity (B) or at a distance of 1 mm from the center of the base of the spine (C). Onethousand receptors are released on various positions (close to the head of the spine (I), in the neck of the spine (II), and on a 0.5-mm distance from the centrum of the base of the spine on the dendritic membrane (III)). We consider three different shapes, these being a spine with a neck radius of 0.06 mm, 0.24 mm, and a planar shape. In the flat geometry the total surface area in the PSD/Spine/Dendrite is the same as in the spine, with a neck radius of 0.24 mm (release I at 1.2 mm, II at 2.2 mm, and III at 2.4 mm from the center). These figures show that, especially for mushroomlike spines, exocytosis close to the top of the spine results in a much faster and more efficient capturing of receptors. To see this figure in color, go online.
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and fluorescence-recovery-after-photobleaching experiments, the shape of the spine must be explicitly included.
Our model indicates that mushroomlike spines with local exocytotic sites adjacent to the PSD are privileged over others, because they can rapidly and efficiently regulate their synaptic AMPAR levels. The specific and high-affinity AMPAR/scaffold interactions within the PSD, in combination with the geometric shape of the mushroomlike spines and local exocytosis within the spine head, allow direct and rapid control over the amount of AMPARs at synaptic sites. In this way, each individual spine presents an isolated and asymmetric, but adaptive structure, which provides dendrites with a complex palette of regulatory options to efficiently control synaptic AMPAR level. Future work will be required to explicitly examine the effect of interactions between particles-which may lead to interesting crowding phenomena-and the dynamics within the PSD itself.
SUPPORTING MATERIAL
Geometrical Model, Mean-Square Displacement, four equations, and two figures are available at http://www.biophysj.org/biophysj/supplemental/ S0006-3495(13)01248-4.
